On the Transfer of Multiplicative Structure

Joint work with Samson Saneblidze

Ron Umble, speaker
ron.umble@millersville.edu

Special Session on Homotopical Algebra
with Applications to Mathematical Physics

April 4, 2008

(' Special Session on Homotopical Algebra  On the Transfer of Multiplicative Structure April 4, 2008



A—infinity Maps and Multiplihedra

@ Given A-algebras A and B, a morphism
F=f+h+HR+---:B=A

is defined in terms of parameter spaces {J,,},721 , called multiplihedra
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A—infinity Maps and Multiplihedra

@ Given A-algebras A and B, a morphism
F=f+h+HR+---:B=A
is defined in terms of parameter spaces {J,,},721 , called multiplihedra

e i € Hom® (B, A) is identified with J; =
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A—infinity Maps and Multiplihedra

@ Given A-algebras A and B, a morphism
F=f+h+HR+---:B=A
is defined in terms of parameter spaces {J,,},721 , called multiplihedra

e i € Hom® (B, A) is identified with J; =

e f, € Hom! (B® B, A) is identified with J, = |
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A—infinity Maps and Multiplihedra

@ Given A-algebras A and B, a morphism
F=f+h+HR+---:B=A

is defined in terms of parameter spaces {J,,},721 , called multiplihedra

fi € Hom® (B, A) is identified with J; =

f, € Hom' (B ® B, A) is identified with J, =/

Components of the coboundary
Vi =, (FOF) = fug

are identified with the endpoints of J,
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Multiplihedra

@ J3 is a hexagonal plane region

fu

e 1) (e w)

w(,ef) u,(fef)

wiefef)
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Multiplihedra

@ J3 is a hexagonal plane region

fu

e 1) (e w)

w(,ef) u,(fef)

wiefef)

o VA =3B 4 (hOf —fQh)+hHh(Hg®1—1Qug) — fu}
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Multiplihedra

@ J,is an (n — 1)-dimensional polyhedron
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Multiplihedra

@ J,is an (n — 1)-dimensional polyhedron
@ We are especially interested in the cochain

S = Vi, + fuy € Hom" 2 (B", A)
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Let A and B be DGMs over a commutative ring with unity

@ A chain map f : B — A induces a cochain map
f: (Hom (B®”, B) ;VB) — (Hom (B®”, A) ;V)

given by f (u) = fu
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Let A and B be DGMs over a commutative ring with unity

@ A chain map f : B — A induces a cochain map
f: (Hom (B®”, B) ;VB) — (Hom (B®”, A) ;V)

given by f (u) = fu

@ Theorem 1. Let A be an A-algebra and let f : B — A be a chain
map. If f is a quasi-isomorphism, then

(i) f transfers the As-algebra structure from A to B; the induced
structure on B is unique up to automorphism

(ii) There is a map F : B = A of A-algebras extending f
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Remarks

e If f is a quasi-isomorphism, so is f, but not conversely
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Remarks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free
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Remarks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free

@ B = H(A) is an interesting and important special case
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Remarks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free
@ B = H(A) is an interesting and important special case

@ Theorem 1 generalizes work of T. Kadeishvili, M. Markl, et al
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Remarks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free
@ B = H(A) is an interesting and important special case
@ Theorem 1 generalizes work of T. Kadeishvili, M. Markl, et al

Kadeishvili assumes A and B are free and f is an inclusion
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Remarks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free
@ B = H(A) is an interesting and important special case
@ Theorem 1 generalizes work of T. Kadeishvili, M. Markl, et al

Kadeishvili assumes A and B are free and f is an inclusion

@ Markl assumes f has a right-homotopy inverse
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arks

e If f is a quasi-isomorphism, so is f, but not conversely

@ However, the converse holds whenever B is free
@ B = H(A) is an interesting and important special case
@ Theorem 1 generalizes work of T. Kadeishvili, M. Markl, et al

Kadeishvili assumes A and B are free and f is an inclusion

@ Markl assumes f has a right-homotopy inverse

Below A and B have torsion and f has no right-homotopy inverse
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Example 1

MY — 0 — M2 — M3 - M* = 0 —

V4 Zy Do Zy Z,
(82, bg) — (0, 283)
as = as

o A=T?M /(a3 + as, asas + azas, (axaz + azap)?)
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Example 1

MY — 0 — M2 — M3 - M* = 0 —

Z. Z>® Zo 2y Z,
(82, bg) — (0, 283)
as = as

© A=TM /(a3 + as, asaz + azas, (aras + a3a2)?)

@ Ais an A-algebra with trivial higher order structure
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The Cup Product

Z n=0,
e H"(A) =< Z; n=2,57
0 otherwise
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The Cup Product

Z n=0,
e H"(A) =< Z; n=2,57
0 otherwise

u= [82] S H?
) v = [3233 + 3332} € H®
w = [32(3233 + 3332)] = [(3233 -+ 3332)32] & H7
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The Cup Product

Z n=0,
e H"(A) =< Z; n=2,57
0 otherwise

u= [32] S H?

) v = [3233 + 3332] € H®
w = [32(3233 + 3332)] = [(3233 + 3332)32] c H’

o puy(u@v)=py(veou) =w
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The Transfer Map

@ Define f: H(A) — A by
an

( aas + aza
f (W) = 32(3283 + 8332)
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The Transfer Map

@ Define f: H(A) — A by

an
( aras + azap
f(W) = 32(3283+8332)

@ f has no right-homotopy inverse
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The Transfer Map

@ Define f: H(A) — A by
an
arasz + azap

(
f (W) = 32(3283 + 8332)

@ f has no right-homotopy inverse

@ f is a quasi-isomorphism
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Transfer of Structure

@ Define F=f+fH+--- by

h="~
f(uu)=as
fp=0 n2>3
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Transfer of Structure

@ Define F=f+fH+--- by

h="~
f(uu)=as
fp=0 n2>3

o Let f~1: A— H be projection; define u3, = f 1y, (L f —f®h)
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Transfer of Structure

@ Define F=f+fH+--- by

h="~
f(uu)=as
fp=0 n2>3

o Let f~1: A— H be projection; define u3, = f 1y, (L f —fQh)

e Then p}, (U U U) =V
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Transfer of Structure

@ Define F=f+fH+--- by

h="~
f(uu)=as
fp=0 n2>3

o Let f~1: A— H be projection; define u3, = f 1y, (L f —fQh)
o Then y}, (U@ uU®uU) =V

@ Define uf, =0 for n > 4
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Transfer of Structure

@ Define F=f+fH+--- by

h="~
f(uu)=as
fp=0 n2>3

Let f~1: A — H be projection; define 3, =, (A ®f —f® h)

Then 3, (U@ U u) = v

Define u}, =0 for n > 4

(H. py, y?_,) is an Ax-algebra and F is an As-map
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Proof of Theorem 1: Transferring DGA Structure

Given (A, d,p, 4"),>3 and f : B — A such that f is a quasi-isomorphism

o Let ©p =pu(f®f); then Vu =0 implies Vo, =0
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Proof of Theorem 1: Transferring DGA Structure

Given (A, d,p, 4"),>3 and f : B — A such that f is a quasi-isomorphism
o Let ©p =pu(f®f); then Vu =0 implies Vo, =0

e Choose a cocycle jig € (£) ' [©2] € Hom® (B® B, B)
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Proof of Theorem 1: Transferring DGA Structure

Given (A, d,p, 4"),>3 and f : B — A such that f is a quasi-isomorphism
o Let ©p =pu(f®f); then Vu =0 implies Vo, =0
o Choose a cocycle i € (£) ' [©2] € Hom® (B® B, B)

o Then g (dg ®1+1®dp) — dppg = Vi (4g) =0
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Proof of Theorem 1: Transferring DGA Structure

Given (A, d,p, 4"),>3 and f : B — A such that f is a quasi-isomorphism
o Let ©o =pu(f®f); then Vi =0 implies VS, =0
o Choose a cocycle i € (£) ' [©2] € Hom® (B® B, B)
® Then jig (dg ®1+1®dg) —dgug = Vg (ig) =0

e Furthermore [©,] — i [ug] = [©2 — fug] = [0]
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Proof of Theorem 1: Transferring DGA Structure

Given (A, d,p, 4"),>3 and f : B — A such that f is a quasi-isomorphism
o Let ©p =pu(f®f); then Vu =0 implies Vo, =0

Choose a cocycle g € () ' [©2] € Hom® (B ® B, B)

Then pig (dg ®1+1®dg) —dgpig =V (pg) =0

e Furthermore [©7] — 7?*[,143] = [@2 - fPlB] = [0]

Choose f, such that Vi = ©o — fug =pu(f&f) —fug
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Proof of Theorem 1: Transferring DGA Structure

g (dg @1+1®dg) —dspy «— g€ (R) [
| Lf

©2

va :@2_f,uB

@ Then (B,dg, jig) isa DGA and F = f + f, is an Ay-map
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Proof of Theorem 1: Transferring Higher Order Structure

olet O3 =3B+ u(hRF—fRH)+h (g1 -1 ug)
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Proof of Theorem 1: Transferring Higher Order Structure

olet O3 =3B+ u(hRF—fRH)+h (g1 -1 ug)

@ Then Vo3 =fug (1@ ug —pug®1) € [0]
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Proof of Theorem 1: Transferring Higher Order Structure

olet O3 =3B+ u(hRF—fRH)+h (g1 -1 ug)

@ Hence g (1®@pug —pug®1) € (7_[*)_1 [VEs] = [0]
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Proof of Theorem 1: Transferring Higher Order Structure

Let O3 =P +p(h@Ff —fRhH)+hH (1 ®1—-1® pg)
Hence g (1® g — g @ 1) € (£.) 1 [VE3] = [0]

Choose w such that Vg(w) = g (1@ g — g ®1)
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Proof of Theorem 1: Transferring Higher Order Structure

Let O3 =P +p(h@Ff —fRhH)+hH (1 ®1—-1® pg)

o Hence g (1@ g — g ®1) € (£) ' [VEs] = [0]

Choose w such that Vg(w) = g (1@ g — g ®1)

@ Then Vo3 = fVg(w) = (fV;g) (w) = (VF) (w) = V (fw)
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Proof of Theorem 1 (continued)

o Consider the cocycle ©3 — fw € Hom? (B3, B)
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Proof of Theorem 1 (continued)

o Consider the cocycle ©3 — fw € Hom? (B3, B)

e Choose z € (%) ' [63 — fw]

(' Special Session on Homotopical Algebra  On the Transfer of Multiplicative Structure April 4, 2008 14 / 22



Proof of Theorem 1 (continued)

o Consider the cocycle ©3 — fw € Hom? (B3, B)
o Choose z € (%) " [&3 — f]

o Define 3 =w+z
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Proof of Theorem 1 (continued)

(' Special Session on Homotopical Algebra  On the Transfer of Multiplicative Structure

Consider the cocycle ©3 — fw € Hom? (B®3, B)
Choose z € (%) " [©3 — fu]
Define ;133 =w+z

Then [©3 — fu}] = [63 — f (w + 2)]

= [@3 — f(W) — (@3 — fW+VU)] = [0}

April 4, 2008
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Proof of Theorem 1 (continued)

Consider the cocycle ©3 — fw € Hom? (B®3, B)

Choose z € (%) " [©3 — fu]

Define ;133 =w+z

Then [63 — fy%] =[63—f(w+2z)]
=[o3—f(w)—(©3—fw+ Vu)] = [0]

Choose f3 such that Vi = &3 — f]/l33
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Proof of Theorem 1 (continued)

pg (Mg ®1—1®@pug) «— w

Lt ! !

f
fug (Hg ®1—1Q@pug) «— {ev‘; S3 —fw —Vf

py =w+z and V=03 fuy

° (B, dB,yB,y?;;) is an As-algebra and F3 = f + f, + f3 is an Asz-map
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Proof of Theorem 1 (continued)

pg (Mg ®1—1®@pug) «— w

Lt ! !

f
fug (Hg ®1—1Q@pug) «— {ev‘; S3 —fw —Vf

py =w+z and V=03 fuy

° (B, dB,yB,y?;;) is an As-algebra and F3 = f + f, + f3 is an Asz-map

@ Continue inductively
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Generalization to A-infinity Bialgebras

The proof above extends immediately to Aso-bialgebras

@ In this case, f induces a cochain map
f: (Hom (B®m, B®”) ;VB) — Hom (B®’",A®"; V)

given by  (u) = f¥"u
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Generalization to A-infinity Bialgebras

The proof above extends immediately to Aso-bialgebras

@ In this case, f induces a cochain map
f: (Hom (B®m, B®”) ;VB) — Hom (B®’",A®"; V)
given by  (u) = f¥"u

@ Theorem 2. Let A be an Aw-bialgebra and let f : B — A be a chain
map. If f is a quasi-isomorphism, then

(i) f transfers the As-bialgebra structure from A to B; the induced
structure on B is unique up to automorphism

(ii) There is a map F : B = A of Ax-bialgebras extending f
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Example 2: Transferring A-infinity Bialgebra Structure

Transfer is controlled by a new family of polyhedra {JJ,,,,n}m'n21 of which
Jhh1=Jh,=Jp

o Let (M, d) be as in Example 1
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Example 2: Transferring A-infinity Bialgebra Structure

Transfer is controlled by a new family of polyhedra {JJ,,,,n}m'n21 of which
Jhh1=Jh,=Jp

o Let (M, d) be as in Example 1

@ Extend primitive A on M to T?M as an algebra map
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Example 2: Transferring A-infinity Bialgebra Structure

Transfer is controlled by a new family of polyhedra {JJ,,,,n}m'n21 of which
Jhh1=Jh,=Jp

o Let (M, d) be as in Example 1

@ Extend primitive A on M to T?M as an algebra map

@ d is a coderivation of A since T?M is primitively generated
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Example 2: Transferring A-infinity Bialgebra Structure

Transfer is controlled by a new family of polyhedra {JJ,,,,n}m'n21 of which
Jhh1=Jh,=Jp

o Let (M, d) be as in Example 1
@ Extend primitive A on M to T?M as an algebra map
@ d is a coderivation of A since T?M is primitively generated

e (T°M,d,A) is a DG bialgebra
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Example 2 (continu

© A=TM /(a3 + as, asas + azas, (apas + a3a,)?)
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Example 2 (continued)

© A=TM /(a3 + as, asas + azas, (apas + a3a,)?)

o H=H"(A)
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Example 2 (continued)

© A=TM /(a3 + as, asas + azas, (apas + a3a,)?)

o H=H*(A)
o All As-bialgebra relations hold; one holds non-trivially:

Ay = [y (i ©1) @ Uy + 1y @ py (L& pyy)] 02,30%°
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Example 2 (continued)

© A=TM /(a3 + as, asas + azas, (apas + a3a,)?)
o H=H*(A)
o All Aw-bialgebra relations hold; one holds non-trivially:

Ay = [py (i @1) @ pdy + iy @ pyy (1@ )] 02,30%3

o (H, yH,y?_,,A) is an Ac-bialgebra and F is an Ac-bialgebra map

(' Special Session on Homotopical Algebra  On the Transfer of Multiplicative Structure April 4, 2008 18 / 22



Homology of Loop Spaces

o Let k be a field and let X be a space

Theorem 3. H, (Q0X;k) is an Aw-bialgebra
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Homology of Loop Spaces

o Let k be a field and let X be a space

Theorem 3. H, (Q0X;k) is an Aw-bialgebra

@ Proof. Choose a cycle-selection homomorphism

f: H, (QX;k) — C. (QX;k)
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Homology of Loop Spaces

o Let k be a field and let X be a space

Theorem 3. H, (Q0X;k) is an Aw-bialgebra

@ Proof. Choose a cycle-selection homomorphism
f:H. (QX; k) — C. (QX; k)

e f is a quasi-ismorphism since H, (Q.X; k) is free
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Homology of Loop Spaces

o Let k be a field and let X be a space

Theorem 3. H, (Q0X;k) is an Aw-bialgebra

Proof. Choose a cycle-selection homomorphism
f:H. (QX; k) — C. (QX; k)

@ fisa quasi-ismorphism since H, (QX; k) is free

Apply Theorem 2

(' Special Session on Homotopical Algebra  On the Transfer of Multiplicative Structure April 4, 2008 19 / 22



Rational Cohomology of Loop Spaces

@ Let X be a simply connected space
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Rational Cohomology of Loop Spaces

@ Let X be a simply connected space

e H=H* (QX;Q) is an Aw-coalgebra with operations A" : H — H®"
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Rational Cohomology of Loop Spaces

@ Let X be a simply connected space

e H= H* (QX;Q) is an Aw-coalgebra with operations A" : H — H®"

@ The cup product y is compatible with A" in the following sense:
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Rational Cohomology of Loop Spaces

@ Let X be a simply connected space

e H= H* (QX;Q) is an Aw-coalgebra with operations A" : H — H®"
@ The cup product y is compatible with A" in the following sense:

o Compatibility with A = A? is expressed by the classical Hopf relation

Ap=(p@p) oy (A®A)
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Rational Cohomology of Loop Spaces

@ Let X be a simply connected space

e H= H* (QX;Q) is an Aw-coalgebra with operations A" : H — H®"

The cup product u is compatible with A" in the following sense:

Compatibility with A = A? is expressed by the classical Hopf relation

Ap=(pe@p) oy (A®A)

Compatibility with A3 is expressed by the relation

Npu=uB3, [(A01)ARA+ A2 (12 A4) 4]
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Rational Cohomology of Loop Spaces

o Compatibility with A" is expressed in terms of the S-U diagonal on
cellular chains of associahedra:

Ak : G (K) — C. (K) ® Gy (K)
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Rational Cohomology of Loop Spaces

o Compatibility with A" is expressed in terms of the S-U diagonal on
cellular chains of associahedra:

Ak : G (K) — C. (K) ® Gy (K)

@ Let e"2 denote the top dimensional cell of K,
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Rational Cohomology of Loop Spaces

o Compatibility with A" is expressed in terms of the S-U diagonal on
cellular chains of associahedra:

Ak : G (K) — G (K) ® G (K)
o Let e"2 denote the top dimensional cell of K,

@ Represent the As-coalgebra structure by

¢:Ci(K) — Hom (H, H‘X‘”)
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Rational Cohomology of Loop Spaces

o Compatibility with A" is expressed in terms of the S-U diagonal on
cellular chains of associahedra:

Ak : G (K) — G (K) ® G (K)
o Let e"2 denote the top dimensional cell of K,
@ Represent the As-coalgebra structure by
&: G (K) — Hom (H, H®")
@ Then C(e”_2) = A" and

Ay =y, [(E@E) Ak (e"7?)]
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Thank you!
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