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Goals of the Talk

To motivate the notion of an A∞-bialgebra

To compute the structure relations in a simple example

To analyze the A∞-bialgebra H� (ΩX ;F ) in certain situations

To consider some topological applications
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Outline of the Talk

I. Guiding Principles

II. Mophisms and Topological Applications
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A-in�nity Algebras (Stashe¤, 1963)

A∞-algebras encode the structure on C� (ΩX ) induced by homotopy
associativity in ΩX

Given a graded module A of �nite type and arbitrary operations�
µm 2 Homm�2

�
A
m ,A

�	
m�1 ,

ω = ∑ µm extends uniquely to its coderivative dω

(A, µm)m�1 is an A∞-algebra if dω � dω = 0

Structure relations are homogeneous components of dω � dω = 0
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A-in�nity Bialgebras (Saneblidze-U, 2005)

A∞-bialgebras encode the induced structure on H� (ΩX ;F )

Given a graded module H of �nite type and arbitrary operations�
ωn
m 2 Homm+n�3

�
H
m ,H
n

�	
m,n�1 ,

ω = ∑ ωn
m extends uniquely to its biderivative dω

The �-product extends to a }-product

(H,ωn
m)m,n�1 is an A∞-bialgebra if dω } dω = 0

Structure relations are bihomogeneous components of dω } dω = 0
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The Biderivative

dω acts on TH � T
�
H
2

�
� T

�
H
3

�
� � � �

Think of TH � T
�
H
2

�
� T

�
H
3

�
� � � � two ways...
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The Biderivative

As a sum of tensor algebras:
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The Biderivative

As a sum of tensor coalgebras:

(U. Penn Deformation Theory Seminar ) On the A∞-bialgebra structure of H� (ΩX ;F ) March 10, 2010 9 / 62



The Biderivative

These points of view are related by a permutation of factors

σp,q :
�
H
p

�
q �!
�
H
q

�
p
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The Biderivative
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The Biderivative
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The Biderivative

Identify (H
p)
q and (H
q)
p with (p, q) 2 N2

Consider a family of initial maps�
ωn
m 2 Homm+n�3

�
H
m ,H
n

�	

ωn
m acts on N2 via (m, 1) 7! (1, n)
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The Biderivative

Think of the initial map ωn
m : H
m ! H
n two ways...

As a map of tensor algebras...
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The Biderivative

Think of the initial map ωn
m : H
m ! H
n two ways...

As a map of tensor algebras... and as a map of tensor coalgebras
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The Biderivative

Guiding principle: Extend ωn
m as some �higher derivation�
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The Biderivative

Guiding principle: Extend ωn
m as some �higher coderivation�
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The Biderivative

Structural ingredients live in the sum d̄ω of all such extensions

The component of dω of interest here is some projection of d̄ω

In the examples presented here, the projection is the identity
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Markl�s Fraction Product

For β : H
m ! (H
q)
p and α : (H
p)
q ! H
n de�ne

α�β = α � σq,p � β
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Markl�s Fraction Product

Picture ωn
m =

n

m

Example: =
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The Double Circle-Product

The }-product is a restriction of the fraction product

A}B =
�
A�B, if A and B are components of dω

0, otherwise
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Structure Relations

When dω } dω = 0, the structure relation of bidegree (m, n) is

∑
�
2-step paths H
m ! � ! H
n

	
= 0
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A-in�nity Bialgebras of type (m,n)

We ignore signs and assume m, n 6= 2

Let Λ be a (graded or ungraded) commutative ring with unity

Let (H,∆, µ) be a (biassociative) Λ-Hopf algebra of �nite type

Let ϕ 2 Homm+n�3 (H
m ,H
n)
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The Initial Maps
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Constructing the Biderivative (Step 1a)

Extend ∆ as a derivation: ∆̄ =
k
∑
i=1
1
i�1 
 ∆
 1
k�i
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Constructing the Biderivative (Step 1b)

Extend µ as a coderivation: µ̄ =
k
∑
i=1
1
i�1 
 µ
 1
k�i
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Constructing the Biderivative (Step 2a)

Extend µ as an algebra map: ∑
k�1

µ
k
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Constructing the Biderivative (Step 2b)

Extend ∆ as a coalgebra map: ∑
k�1

∆
k
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Constructing the Biderivative when m>2 (Step 3a)

Extend f = µ (µ
 1) � � �
�
µ
 1
m�2

�
as an algebra map F = ∑

k�1
f 
k

Then extend ϕ as an (F ,F )-derivation: F 
 ϕ+ ϕ
 F
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Constructing the Biderivative when n>2 (Step 3b)

Extend g =
�
∆
 1
n�2

�
� � � (∆
 1)∆ as a coalgebra map G = ∑

k�1
g
k

Then extend ϕ as a (G ,G )-coderivation: G 
 ϕ+ ϕ
 G
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Structure Relation 1
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Structure Relation 2
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Structure Relation 3
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The Biderivative when n=1 or m=1

If n = 1, de�ne g = 1 and extend as a coalgebra map to G = 1

Then ϕ = µm is a classical A∞-algebra operation

ϕ extends as a usual derivation of BH

If m = 1, de�ne f = 1 and extend as an algebra map to F = 1

Then ϕ = ∆m is a classical A∞-coalgebra operation

ϕ extends as a usual coderivation of ΩH
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The Biderivative when m>2, n=1

Relation 1 expresses the compatibility of ϕ = µm and ∆ :

∆ϕ = (f 
 ϕ+ ϕ
 f ) σ2,m∆
m ,

f = µ (µ
 1) � � �
�
µ
 1
m�2

�

Relations 2 and 3 are classical A∞-algebra relations:

∑
i+j=m�1

ϕ
�
1
i 
 µ
 1
j

�
= µ (ϕ
 1+ 1
 ϕ)

∑
i+j=m�1

ϕ
�
1
i 
 ϕ
 1
j

�
= 0

We call such structures �Hopf A∞-algebras�
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The Biderivative when m=1, n>2

Relation 2 expresses the compatibility of ϕ = ∆n and µ :

ϕµ = µ
nσn,2 (g 
 ϕ+ ϕ
 g) ,

g =
�
∆
 1
n�2

�
� � � (∆
 1)∆

Relations 1 and 3 are classical A∞-coalgebra relations:

∑
i+j=n�1

�
1
i 
 ∆
 1
j

�
ϕ = (ϕ
 1+ 1
 ϕ)∆

∑
i+j=n�1

�
1
i 
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We call such structures �Hopf A∞-coalgebras�
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De�nition

Let Λ be a commutative ring with unity; let m, n 6= 2.

An A∞-bialgebra of type (m, n) is a Λ-Hopf algebra (H,∆, µ) of �nite
type together with an operation ϕ 2 Homm+n�3 (H
m ,H
n) such that

1 (f 
 ϕ+ ϕ
 f )} ∆
m = ∆̄ϕ

2 ϕµ̄ = µ
n } (g 
 ϕ+ ϕ
 g)

3 (F 
 ϕ+ ϕ
 F )} (G 
 ϕ+ ϕ
 G ) = 0
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An Algebraic Example for each (m,n)

Let R be a commutative ring with unity

Let Λ = E (x) be an exterior R-algebra with jx j = 2m� 3

Let H = E (y) be an exterior Λ-algebra with jy j = 1

µ is the trivial product; ∆ is the primitive coproduct on H

De�ne ϕ : H
m ! H
n by ϕ (y j � � � jy) = xy jy j � � � jy

Example 1. (Berciano-U) (H,∆, ϕ, µ) is an A∞-bialg of type (m, n)
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Open question

Since odd dimensional spheres are rational H-spaces,
H = H�

�
S1;H�

�
S2m�3;Q

��
admits a non-trivial A∞-bialgebra

structure of type (m, n)

However, the induced A∞-bialgebra structure on H is trivial

Question 1. Is there an H-space X , appropriate coe¢ cients Λ, and
an induced operation ϕ such that (H� (X ;Λ) ,∆, ϕ, µ) is an
A∞-bialgebra?

(U. Penn Deformation Theory Seminar ) On the A∞-bialgebra structure of H� (ΩX ;F ) March 10, 2010 39 / 62



Open question

Since odd dimensional spheres are rational H-spaces,
H = H�

�
S1;H�

�
S2m�3;Q

��
admits a non-trivial A∞-bialgebra

structure of type (m, n)

However, the induced A∞-bialgebra structure on H is trivial

Question 1. Is there an H-space X , appropriate coe¢ cients Λ, and
an induced operation ϕ such that (H� (X ;Λ) ,∆, ϕ, µ) is an
A∞-bialgebra?

(U. Penn Deformation Theory Seminar ) On the A∞-bialgebra structure of H� (ΩX ;F ) March 10, 2010 39 / 62



Open question

Since odd dimensional spheres are rational H-spaces,
H = H�

�
S1;H�

�
S2m�3;Q

��
admits a non-trivial A∞-bialgebra

structure of type (m, n)

However, the induced A∞-bialgebra structure on H is trivial

Question 1. Is there an H-space X , appropriate coe¢ cients Λ, and
an induced operation ϕ such that (H� (X ;Λ) ,∆, ϕ, µ) is an
A∞-bialgebra?

(U. Penn Deformation Theory Seminar ) On the A∞-bialgebra structure of H� (ΩX ;F ) March 10, 2010 39 / 62



Homology of Eilenberg-Mac Lane Spaces

Example 2. (Berciano-U) For i � 0, n � 3, and p an odd prime, the
submodule

E (vi , 2npi + 1)
 Γ(wi , 2npi+1 + 2) � H� (Z, n;Zp)

is an A∞-bialgebra of type (1, p)

Question 2. What is the global A∞-bialg structure of H� (Z, n;Zp)?
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Group Cohomology

Example 3. H� (Cp ;Zp) is an A∞-bialgebra of type (p, 1)

Question 3a. What is the A∞-bialgebra structure of

H� (Cp � � � � � Cp ;Zp) ?

Question 3b. Is there an isomorphism of A∞-bialgebras

H� (Cp � � � � � Cp ;Zp) � H� (Cp ;Zp)

p ?
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II. Morphisms and Topological
Applications
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Morphisms of A�in�nity Algebras

A morphism G : H ) C of A∞-algebras is de�ned in terms of cochain
homotopies

gk 2 Homk�1
�
H
k ,C

�

G is the extension of ∑ gk to a DGC map B̃H ! B̃C

The parameter space of gk is the multiplihedron Jk
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Multiplihedra

J1 = � is identi�ed with a cochain map g = g1 : H ! C

J2 = I is identi�ed with the cochain homotopy g2 : H 
H ! C

The endpoints of J2 are identi�ed with components of the coboundary

rg2 = µ (g 
 g)� g µ̃
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Multiplihedra

J3 is an hexagonal plane region identi�ed with g3 : H
3 ! C

rg3 = µ3g

3 + µ (g2 
 g � g 
 g2) + g2 (µ̃
 1� 1
 µ̃)� gµ3
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Multiplihedra

Jn is an (n� 1)-polytope identi�ed with gn : H
n ! C

g µ̃n is identi�ed with the codim 1 cell Q � ∂Jn

Θn is identi�ed with ∂Jn � IntQ

µ̃k in rgn has order k � n

g µ̃n is the only component of rgn that involves µ̃n
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First Transfer Theorem

Transfer Problem 1: Let H be a DGM, let C be an A∞-algebra, and
let g = g1 : H ! C be a cochain map. Given fµ̃k , gkgk<n construct
µ̃n and gn so that

rgn = Θn � g µ̃n

Theorem 1. Over a �eld:

(i) g transfers the A∞-algebra structure from C to H; the induced
structure on H is unique up to isomorphism

(ii) g extends to a map G : H ) C of A∞-algebras

There is the dual statement for A∞-coalgebras
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The Induced A-in�nity Structure on Homology

Corollary 1. If C is a DGA over a �eld F , there is a cycle-selecting
homomorphism g : H (C )! C and an induced A∞-algebra structure
on H (C )

Corollary 2. If C is a DGC over a �eld F , there is a cycle-selecting
homomorphism g : H (C )! C and an induced A∞-coalgebra
structure on H (C )

Example 4. (Abril-U) Let BR be a tubular nbh of the Borromean
Rings. There is a non-trivial induced A∞-coalgebra structure on
H�
�
S3 � BR;Z2

�
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The Borromean Rings
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A Tubular Neighborhood of the Borromean Rings
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A Cellular Decomposition of the Link Complement
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The A-in�nity Colagebra Structure on Homology

Hi
�
S3 � BR;Z2

�
=

8>><>>:
h1i , i = 0

hu, v ,wi , i = 1
hy , zi , i = 2
0, otherwise

We de�ne a diagonal ∆ on C�
�
S3 � BR

�
then apply the

�Incremental Algorithm� to compute ∆2 and ∆3

H�
�
S3 � BR;Z2

�
is primitively generated and

∆3 (y) = ujujw + v jujw + w jv ju + w juju

∆3 (z) = ujujv + ujv jv + v juju + v jujv + v jw ju + w jujv
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The A-in�nity Colagebra Structure on Homology

Hi
�
S3 � BR;Z2

�
=

8>><>>:
h1i , i = 0

hu, v ,wi , i = 1
hy , zi , i = 2
0, otherwise

We de�ne a diagonal ∆ on C�
�
S3 � BR

�
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�Incremental Algorithm� to compute ∆2 and ∆3
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Morphisms of A-in�nity Bialgebras

A morphism G : H ) C of A∞-bialgebras is de�ned in terms of higher
homotopies gnm 2 Homm+n�2 (H
m ,C
n) whose parameter spaces are
bimultiplihedra JJn,m

The Bimultiplihedron JJ2,2
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Bimultiplihedra

gnm is identi�ed with JJn,m

g
nω̃n
m is identi�ed with the codim 1 cell Q � ∂JJn,m

Θn
m is identi�ed with ∂JJn,m � IntQ

ω̃j
i in rgnm has total order i + j � m+ n

g
nω̃n
m is the only component of rgnm that involves ω̃n

m
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Second Transfer Theorem

Transfer Problem 2: Let H be a DGM, let C be an A∞-bialgebra,
and let g = g11 : H ! C be a cochain map. Given

n
ω̃j
i , g

j
i

o
i+j<m+n

,

construct ω̃n
m and g

n
m so that

rgnm = Θn
m � g
nω̃n

m

Theorem 2. Over a �eld:

(i) g transfers the A∞-bialgebra structure from C to H; the induced
structure on H is unique up to isomorphism

(ii) g extends to a map G : H ) C of A∞-bialgebras

Corollary 3. If C is a DG bialgebra over a �eld F , there is a
cycle-selecting homomorphism g : H (C )! C and an induced
A∞-bialgebra structure on H (C )
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Moore Loop Spaces

Let ΩX be the Moore loops on a space X

Consider the Hopf algebra of singular chains C� (ΩX ;F )

Corollary 4. A cycle-selecting homomorphism

g : H� (ΩX ;F )! C� (ΩX ;F )

induces an A∞-bialgebra structure on H� (ΩX ;F )
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Rational Cohomology of Loop Spaces

Theorem 3. If X is simply connected, H = H� (ΩX ;Q) is an
A∞-bialgebra of the form

(H,∆n, µ)n�2

Compatibility of ∆ = ∆2 and µ is expressed by the Hopf relation

∆µ = (µ
 µ)} (∆
 ∆)

Compatibility of ∆3 and µ is expressed by the relation

∆3µ = µ
3 } [(∆
 1)∆
 ∆3 + ∆3 
 (∆
 1)∆]
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Rational Cohomology of Loop Spaces

In general, the compatibility of µ and ∆n is expressed in terms of the
S-U diagonal ∆K on cellular chains of associahedra K = tKn

Let en�2 denote the top dimensional cell of Kn

Represent the A∞-coalgebra H as an algebra over the A∞-operad

ξ : C� (K )! Hom (H,TH)

Then ξ
�
en�2

�
= ∆n and

∆nµ = µ
n }
�
(ξ 
 ξ)∆K

�
en�2

��
(∆n is some �higher�derivation of algebras)
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Homology of Loops on a Suspension

Theorem 4. The A∞-coalgebra structure on H = H�(X ;F ) extends
to an A∞-bialgebra structure on T aH, which is trivial i¤ the
A∞-coalgebra structure on H is trivial

Theorem 5. The Bott-Samelson isomorphism
i� : T aH�(X ;F ) � H�(ΩΣX ;F ) extends to an isomorphism of
A∞-bialgebras; thus the A∞-bialgebra structure on H�(ΩΣX ;F ) is
trivial i¤ the A∞-coalgebra structure on H�(X ;F ) is trivial

Theorem 6. H�(ΩΣX ;F ) is an A∞-bialgebra of the form
(H,∆n, µ)n�2 , where ∆n is some �higher�derivation

(U. Penn Deformation Theory Seminar ) On the A∞-bialgebra structure of H� (ΩX ;F ) March 10, 2010 60 / 62



Homology of Loops on a Suspension

Theorem 4. The A∞-coalgebra structure on H = H�(X ;F ) extends
to an A∞-bialgebra structure on T aH, which is trivial i¤ the
A∞-coalgebra structure on H is trivial

Theorem 5. The Bott-Samelson isomorphism
i� : T aH�(X ;F ) � H�(ΩΣX ;F ) extends to an isomorphism of
A∞-bialgebras; thus the A∞-bialgebra structure on H�(ΩΣX ;F ) is
trivial i¤ the A∞-coalgebra structure on H�(X ;F ) is trivial

Theorem 6. H�(ΩΣX ;F ) is an A∞-bialgebra of the form
(H,∆n, µ)n�2 , where ∆n is some �higher�derivation

(U. Penn Deformation Theory Seminar ) On the A∞-bialgebra structure of H� (ΩX ;F ) March 10, 2010 60 / 62



Homology of Loops on a Suspension

Theorem 4. The A∞-coalgebra structure on H = H�(X ;F ) extends
to an A∞-bialgebra structure on T aH, which is trivial i¤ the
A∞-coalgebra structure on H is trivial

Theorem 5. The Bott-Samelson isomorphism
i� : T aH�(X ;F ) � H�(ΩΣX ;F ) extends to an isomorphism of
A∞-bialgebras; thus the A∞-bialgebra structure on H�(ΩΣX ;F ) is
trivial i¤ the A∞-coalgebra structure on H�(X ;F ) is trivial

Theorem 6. H�(ΩΣX ;F ) is an A∞-bialgebra of the form
(H,∆n, µ)n�2 , where ∆n is some �higher�derivation

(U. Penn Deformation Theory Seminar ) On the A∞-bialgebra structure of H� (ΩX ;F ) March 10, 2010 60 / 62



Open Question in Link Homotopy

Example 5. H�
�
ΩΣ(S3 � BR);Z2

�
is a non-trivial A∞-bialgebra

with more structure than the A∞-coalgebra H�
�
S3 � BR;Z2

�

Given a tubular nbh N of a link in S3, there is the link homotopy
invariant H�

�
ΩΣ(S3 �N);Z2

�
Question 4. What new link homotopy information, if any, is given by
H�
�
ΩΣ(S3 �N);Z2

�
?
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The End

Thank you!
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