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Introduction

Let Kn denote Stashe¤�s (n� 2)-dim�l associahedron with top
dimensional cell en�2

Identify cellular chains C� (Kn) with the A∞-operad A∞

An A∞-algebra is a graded module A together with a family of maps
fµn 2 Hom (A
n,A)gn�1 and a chain map

ϕ : A∞ !
�
Hom

�
A
n,A

�	
n�1

such that ϕ
�
en�2

�
= µn

In this talk we construct a new family of polyhedra called matrahedra
and use them to de�ne the free matrad H∞

An A∞-bialgebra is de�ned in the same way we de�ned an A∞-algebra
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Permutahedra

Pn = convex hull f(σ(1), . . . , σ(n)) 2 Rn j σ 2 Sng

Vertices v1, . . . , vn! in the hyperplane x1 + � � �+ xn = (n2)

P1 is a point �

P2 is a closed interval I

P3 is a plane hexagonal region
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Permutahedra

P4 is a solid truncated octahedron

Pn is an (n� 1)-dim�l convex polyhedron
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Combinatorics of Permutahedra

Let n = f1, 2, . . . ng

fFaces in codim pg $ fPartitions U1j � � � jUp+1 of ng

fVerticesg $ Sn = fPermutations of ng

P1 : � $ f1g

P2 : edge $ f12g ; vertices $ f1j2, 2j1g
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Combinatorics of Permutahedra

P3 as a subdivision of P2 � I :

�
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3j2j1

1j23

3j12

13j2 23j1

2j13

12j3
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Combinatorics of Permutahedra

P4 as a subdivision of P3 � I :

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�Q
Q
Q
Q
Q
QQ

Q
Q

Q
Q

Q
QQ

�

�

�

�

Q
Q

QQ

Q
Q

QQ
Q

Q
QQ

�

�

�

�
Q

Q
QQ

Q
Q
Q
Q
Q
QQ

Q
Q
Q
Q
Q
QQ

(Millersville University of Pennsylvania) Matrads, Matrahedra and A∞-Bialgebras July 9, 2008 7 / 48



Combinatorics of Permutahedra

2-faces of P4: � � �

� � � � � � �
� � � �

� � � � �
�

� � �

�

�

�

� �

�
�

�

� � �

124j3

12j34

24j13

2j134

4j123

123j4

234j1

23j14

34j12

3j124

134j2

13j24

14j23

1j234
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The Poset of Vertices

^n and _n denote the corresponding sets of up-rooted and
down-rooted (binary) trees with n levels and n+ 1 leaves

The partial order on Sn is generated by

a1j � � � jan < a1j � � � jai+1jai j � � � jan if ai < ai+1

Standard bijections transfer partial order to ^n and _n

Set PPn,0 = PP0,n = Sn; then

Pn = PPn,0 = jPPn,0j = jPP0,n j = PP0,n
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Tonks�Projection to Associahedra

A. Tonks�projection ϑ0 : Pn ! Kn+1 forgets levels

De�ne a � b if ϑ0 (a) = ϑ0 (b)

Stashe¤�s associahedron Kn+1 = Pn/ �

S. Devadoss rendering of K5

KKn+1,1 = jKKn+1,1j = jKK1,n+1j = KK1,n+1 = Kn+1

(Millersville University of Pennsylvania) Matrads, Matrahedra and A∞-Bialgebras July 9, 2008 10 / 48



Tonks�Projection to Associahedra

A. Tonks�projection ϑ0 : Pn ! Kn+1 forgets levels

De�ne a � b if ϑ0 (a) = ϑ0 (b)

Stashe¤�s associahedron Kn+1 = Pn/ �

S. Devadoss rendering of K5

KKn+1,1 = jKKn+1,1j = jKK1,n+1j = KK1,n+1 = Kn+1

(Millersville University of Pennsylvania) Matrads, Matrahedra and A∞-Bialgebras July 9, 2008 10 / 48



Tonks�Projection to Associahedra

A. Tonks�projection ϑ0 : Pn ! Kn+1 forgets levels

De�ne a � b if ϑ0 (a) = ϑ0 (b)

Stashe¤�s associahedron Kn+1 = Pn/ �

S. Devadoss rendering of K5

KKn+1,1 = jKKn+1,1j = jKK1,n+1j = KK1,n+1 = Kn+1

(Millersville University of Pennsylvania) Matrads, Matrahedra and A∞-Bialgebras July 9, 2008 10 / 48



Tonks�Projection to Associahedra

A. Tonks�projection ϑ0 : Pn ! Kn+1 forgets levels

De�ne a � b if ϑ0 (a) = ϑ0 (b)

Stashe¤�s associahedron Kn+1 = Pn/ �

S. Devadoss rendering of K5

KKn+1,1 = jKKn+1,1j = jKK1,n+1j = KK1,n+1 = Kn+1

(Millersville University of Pennsylvania) Matrads, Matrahedra and A∞-Bialgebras July 9, 2008 10 / 48



Matrahedra

We construct the poset PPn,m for each m, n � 1

PPn,m = jPPn,m j �= jPPm,n j = PPm,n

KKn+1,m+1 = PPn,m
�
�

Matrahedron

KKn+1,m+1 = jKKn+1,m+1j �= jKKm+1,n+1j = KKm+1,n+1

KKn,m in the range 1 � m, n � 4 and m+ n � 6 is identical to the
polytope Bnm constructed by Markl

Markl�s construction makes arbitrary choices; our construction uses
the S-U diagonal on associahedra to eliminate all such choices
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S-U Diagonal

We are interested in the product posets S�mn , ^�mn and _�mn with
lexicographic ordering

∆P : C� (Pn)! C� (Pn)
 C� (Pn) denotes the S-U diagonal

fn and gn denote the up-rooted and down-rooted n-leaf corolla

∆P (f) = f�f and ∆P (g) = g�g (the index 2 is suppressed)
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Product Posets

De�ne ∆(0)P = Id and ∆(k )P =
�

∆P 
 Id
k�1
�

∆(k�1)P

∆(n)P (fm+1) � P�n+1m and ∆(m)P

�
gn+1

�
� P�m+1n as subcomplexes

X n+1m and Ym+1n denote their respective sets of vertices

X n+1m � Ym+1n is a subposet of S�n+1m � S�m+1n

X 21 , Y
2
1 and X

2
1 � Y 21 �= P�41 are singleton sets
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Vertices as Matrix Products

Express x 2 ^�nm as an n� 1 column matrix of up-rooted trees

^�21 = X 21 =
�
f
f

�
A leveled tree factors uniquely as the composition of its levels

Thus x 2 ^�nm factors as a matrix product x1 � � � xm

Rows of xi are the i th levels of trees in x ; each row of xi contains f
exactly once
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Vertices as Matrix Products
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X 22 =
��

f
f

� �
f 1
f 1

�
<

�
f
f

� �
f 1
1 f

�
<

�
f
f

� �
1 f
1 f

��

Dually, express y 2 _�mn as a 1�m row matrix of down-rooted trees

Factor yT as a matrix product yT1 � � � yTn ; then y = yn � � � y1

Columns of yj are the j th levels of trees in y ; thus each column of yj
contains g exactly once

Vertices of ∆P (g3) � P2 � P2 lie in

Y 22 =
��

g g
1 1

�
[gg] <

�
g 1
1 g

�
[gg] <

�
1 1
g g

�
[gg]

�
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Vertices as Matrix Products

X 21 � Y 21 =
�
f
f

�
[gg]

∆(2)P (g) = g�g�g implies Y 31 = [ggg] ; thus

X 22 � Y 31 =
��

f
f

� �
f 1
f 1

�
[ggg] <

�
f
f

� �
f 1
1 f

�
[ggg]

<

�
f
f

� �
1 f
1 f

�
[ggg]

�
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Some Algebra �Submodules of TTM

Consider a bigraded module M = fMq,pgq,p�1

Main Example:

Let H be a free module of �nite type and let

M = End (TH) =
�
Mq,p = Hom

�
H
p ,H
q

�	
Think of αqp 2 Mq,p as a multilinear operation H
p ! H
q

Pictured as a non-planar upward-directed graph

�� @
@
@@@@

�
�

��

@@
�� ��@@

2 M2,3
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The Matrix Submodule of TTM

The matrix submodule of TTM is

M =
M
p,q�1

(M
p)
q

A pair of matrices X = (xij ) , Y = (yij ) 2 Nq�p uniquely determines
a submodule

MY ,X = (My11,x11 
 � � � 
 My1p ,x1p ) 
 � � �

 (My21,x21 
 � � � 
 My2p ,x2p ) 
 � � �

...
...


 (Myq1,xq1 
 � � � 
 Myqp ,xqp ) �M

Each of the q rows is a submodule of M
p
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Matrix Monomials in TTM

G � M is a �xed set of bihomogeneous module generators

A monomial in TM is an element A 2 G
p

A monomial in TTM is an element B 2 (G
p)
q

B is represented by the q � p matrix

[B ] =

264 g y1,1x1,1 � � � g y1,px1,p
...

...
g yq,1xq,1 � � � g yq,pxq,p

375
with entries in G and rows identi�ed with elements of G
p
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The Matrix Submodule of TTM

The component �
M
p�
q = M

X ,Y 2Nq�p
MY ,X

Thus
M =

M
X ,Y 2Nq�p
p,q�1

MY ,X
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The Bisequence Submodule of TTM

x, y 2 Nq�p denote matrices with constant columns and constant
rows, respectively

The bisequence submodule of TTM is

M =
M

x,y2Nq�p
p,q�1

My,x

A monomial A 2M is represented by a bisequence matrix

A =

264 αy1x1 � � � αy1xp
...

...
α
yq
x1 � � � α

yq
xp

375
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Bisequence Matrices

We refer to A as a q � p monomial and denote My
x = My,x

��@
@@
�

��
@@
��@@

@@����BB

@@��

��@
@@@@
�

��
@@

����@@

@@��
��@@
��BB

A 2M
2
4

23 $

A Transverse Pair (TP) of bisequence matrices has form264 αy1p
...

α
yq
p

375
 h βqx1 � � � βqxp

i
2My

p 
Mq
x
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A
 B 2M
M is a Block Transverse Pair (BTP) if there exist
block decompositions A = [Aij ] and B = [Bij ] such that Aij 
 Bij is a
TP for each (i , j).

A pair A
 B 2M

1
5
4
3
21 
M

3
1
123 is a BTP via

A =

α12

α52

α42

α32

α11

α51

α41

α31

B =
β31 β32 β33

β11 β12 β13

BTP decomposition is unique when it exists
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Upsilon Products

Given a map γ : TM 
 TM ! M, extend the component

γ =
n

γyx : My
p 
Mq

x !Mjyj
jxj

o
to a global product Υ : M
M!M by setting Υ (A
 B) = 0
unless A
 B is a BTP, in which case

Υ (A
 B)ij = γ (Aij 
 Bij )

x1 � � � xm 2 X n+1m and yn � � � y1 2 Ym+1n are Υ-products

There is unique Υ-factorization in M
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Upsilon Products

Υ : M

1
5
4
3
21 
M

3
1
123 !M

10
3
33

α12

α52

α42

α32

α11

α51

α41

α31

β31 β32 β33

β11 β12 β13

=

α12

α52
α42

β31 β32

α11

α51
α41

β33

α32 β11 β12 α31 β13
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Matrix Edge Pairs

A(n+1)�m = [aij ] is a matrix over f1,fg whose rows contain the
entry f exactly once

Bn�(m+1) = [bij ] is a matrix over f1,gg whose columns contain the
entry g exactly once

AB is an (i , j)-edge pair if

- A
 B is a BTP

- aij = ai+1,j = f and bij = bi ,j+1 = g

AmBn is the only possible edge pair in

A1 � � �AmBn � � �B1 2 X n+1m � Ym+1n
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Matrix Edge Pairs

The pair x2y2 in

x1x2y2y1 =

24 ff
f

3524 f 1f 1
f 1

35 � gg 1
1 1 g

�
[ggg]

is a (1, 1)-edge pair

But 24 ff
f

3524 f 1f 1
f 1

35 � g 1 1
1 gg

�
[ggg]

has no edge pairs
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Edges of a Poset

A edge of a poset Q is a pair (u, v) such that u � v in Q and
u � x � v implies x = u or x = v

Edges of X n+1m � Ym+1n represent 1-dim�l elements of the �free
matrad�H∞ generated by indecomposables

�
1, θ12, θ

2
1, θ

1
3, θ

3
1

	
1-dim�l elements of H∞ generated by indecomposables

�
1, θ12, θ

2
1, θ

2
2

	
are represented by edges of a poset Zn,m related to but disjoint from
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Matrix Transpositions

Ai� and B�j denote the matrices obtained by deleting the i th row of A
and the j th column of B

The (i , j)-transposition of an (i , j)-edge pair AB is the pair B�jAi�

If c = C1 � � �Cr and CkCk+1 is an (i , j)-edge pair,

T kij (c) = C1 � � �C �jk+1C
i�
k � � �Cr

denotes the (i , j)-transposition of c in position k

Iterate T on each u 2 X n+1m � Ym+1n and obtain

Zn,m =
n
T ktit jt � � � T

k1
i1 j1 (u)

��� u 2 X n+1m � Ym+1n

o
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The Poset PP

PPn,m = X n+1m � Ym+1n t Zn,m

For c 2 PPn,m de�ne c < T kij (c)

The action of T ktit jt � � � T
k1
i1 j1
on u 2 X n+1m � Ym+1n uniquely determines

an (m, n)-shu­ e σ; thus we denote

Tσ (u) = T ktit jt � � � T
k1
i1 j1 (u)

De�ne TId = Id

If σ 6= Id cannot be realized as a composition of (i , j)-transpositions
on u, then Tσ (u) is unde�ned
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Sigma-Partitions

Given u1 � u2 2 X n+1m � Ym+1n , de�ne Tσ (u1) � Tσ (u2) if either
(u1, u2) is an edge of X n+1m � Ym+1n or u2 is �σ -compatible�with
u1Let a = a1j � � � jam 2 Sm and b = b1j � � � jbn 2 Sn

The action of an (m, n)-shu­ e σ on (a; b) produces contiguous
blocks mi � a and nj � b :

σ (a; b) =

8>><>>:
m1,n1,m2,n2, . . . ,nk�1,mk , σ (a1) = a1, σ (bn) 6= bn
m1,n1,m2,n2, . . . ,mk ,nk , σ (a1) = a1, σ (bn) = bn
n1,m1,n2,m2, . . . ,nk ,mk , σ (a1) 6= a1, σ (bn) 6= bn
n1,m1,n2,m2, . . . ,mk ,nk+1, σ (a1) 6= a1, σ (bn) = bn.

The σ-partition of (a; b) is the cell m1j � � � jmk � n`j � � � jn1 �
Pm � Pn obtained by unshu­ ing and removing block delimiters from
mi and nj
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Sigma-Compatibility

u1 = A1 � � �AmBn � � �B1, u2 = A01 � � �A0mB 0n � � �B 01 2 X n+1m � Ym+1n

Compute the γ-products Ai ,1 � � �Ai ,m and A0i ,1 � � �A0i ,m of i th rows

For each i , obtain a pair of up-rooted trees and corresponding
partitions ai = i1j � � � jim and a0i = i 01j � � � ji 0m of m

Dually, compute the γ-products Bn,j � � �B1,j and B 0n,j � � �B 01,j of j th
columns

For each j , obtain a pair of down-rooted trees and corresponding
partitions bj = j1j � � � jjn and b0j = j 01j � � � jj 0n of n

u2 is σ-compatible with u1 if for each (i , j) , the σ-partition of (ai ; bj )
contains an oriented path of edges from ai � bj to a0i � b0j
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The Poset PP(1,2)

The action of T on

u1 =
�
f
f

� �
f 1
f 1

�
[ggg] , u3 =

�
f
f

� �
1 f
1 f

�
[ggg]

produces four elements of Z1,2 :

u1
Tσ17�!

�
f
f

�
[gg] [f 1]

Tσ27�! [g][f] [f 1]

u3
Tσ17�!

�
f
f

�
[gg] [1 f]

Tσ27�! [g][f] [1 f]

There is no action of T on u2

One checks that

- only u1 is σ1-compatible with u1
- both u2 and u3 are σ2-compatible with u1

Thus u1 < u3 implies Tσ2 (u1) < Tσ2 (u3)

PP1,2 = fu1 < Tσ1 (u1) < Tσ2 (u1) , u2, u3 < Tσ1 (u3) < Tσ2 (u3)g
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The Digraph of PP(1,2)
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Vertices in Associahedra

Vm+1 = ϑ0 (Sm) is the set of vertices of Km+1

V2 = [f]$ [g]

V3 = f[f] [f 1] , [f] [1 f]g $
��

g
1

�
[g] ,

�
1
g

�
[g]
�

In V4 :

[f] [f 1] [1 1 f] = [f] [1 f] [f 1 1]

l

24 1
1
g

35 � g
1

�
[g] =

24 g1
1

35 � 1
g

�
[g]
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Equivalence in Poset X

For A1 � � �Am , A01 � � �A0m 2 X n+1m

Compute the γ-products Ai ,1 � � �Ai ,m and A0i ,1 � � �A0i ,m of i th rows

For each i , obtain a pair of up-rooted trees ai and a0i of m

De�ne A01 � � �A0m �X A1 � � �Am if a0i � ai for all i
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Equivalence in Poset Y

Dually, for Bn � � �B1, B 0n � � �B 01 2 Ym+1n

Compute the γ-products Bn,j � � �B1,j and b0 = B 0n,j � � �B 01,j of j th
columns

For each j , obtain a pair of down-rooted trees bj and b0j of n

De�ne B 0n � � �B 01 �Y Bn � � �B1 if b0j � bj for each j
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Equivalence in Poset PP

For a� b, c � d 2 X n+1m � Ym+1n

De�ne a� b � c � d if a �X c and b �Y d

For σ-compatible u1 � u2 2 X n+1m � Ym+1n de�ne

Tσ(u1) � Tσ(u2) if u1 � u2

Then KKn+1,m+1 = PPn,m
�
�

ϑϑ : PPn,m ! KKn+1,m+1 denotes the projection

KKn+1,m+1 = jKKn+1,m+1j

ϑϑ : KKn+1,m+1 ! PPn,m is the induced projection
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Constructing Matrahedra

1. Construct PPn,m = jPPn,m j as a subdivision of Pm+n by

a. Replacing the codim 1 cell mj (n+m) � Pm+n with���X n+1m � Ym+1n

��� = ∆(n)P (fm+1)� ∆(m)P (fn+1)

(the (m, n)-subdivision of Pm+n)

��X 23 �� = ∆(1)P (f4)
��X 33 �� = ∆(2)P (f4)

b. Using the action of Tσ to propagate the (m, n)-subdivision and subdivide
remaining cells
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Constructing Matrahedra

2. Pn,m = fA1 � � �AmBn � � �B1 2 PPm+n j Ai has constant columns
and Bj has constant rowsg

a. Elements of Pn,m index the vertices of Pm+n

b. De�ne a0 � b0 � a� b if either ϑ0 (a0) = ϑ0 (a) or ϑ0 (b0) = ϑ0 (b)

c. ϑ : Pn,m ! Pn,m
�
� is the projection

d. jPn,m j = Pm+n but
��Pn,m� ��� is a new polytope Kn+1,m+1

e. ϑ : Pm+n ! Kn+1,m+1 is the induced projection
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Constructing Matrahedra

3. Construct KKn+1,m+1 as a subdivision of Kn+1,m+1 that commutes the
diagram

PPn,m �! Pm+n

ϑϑ # # ϑ

KKn+1,m+1 �! Kn+1,m+1

(horizontal maps forget subdivision)

4. Matrix products associated with boundary components of a single cell
e � KK uniquely determine the matrix product associated with e
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The Matrahedron KK(2,3)
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The Matrahedron KK(2,4)
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The 2-Faces of KK(2,4)
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The Matrahedron KK(3,3)
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The Free Matrad

The free matrad H∞ is the bigraded module generated by all matrix
products associated with cells of KK

(H∞)1,1 = h1i

θnm =

n

m

2 (H∞)n,m

θnm is associated with the top dimensional cell e
m+n�3 of KKn,m

The relations in H∞ are encoded by the cellular boundary in KK
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m+n�3 of KKn,m

The relations in H∞ are encoded by the cellular boundary in KK
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A-in�nity Bialgebras

An A∞-bialgebra is a bigraded module H together with a chain map

ϕ : H∞ !
�
Hom

�
H
m ,H
n

�	
m,n�1

such that ϕ (θnm) = e
m+n�3

Naturally occurring examples have been considered in joint work with
A. Berciano and M. Vejdemo-Johansson

Recently S. Saneblidze proved that if F is a �eld and X is a space,
H� (ΩX ;F ) admits a canonical A∞-bialgebra structure (the main
result in our forthcoming paper)
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The End

Thank you!
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