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Introduction

o Let K, denote Stasheff’'s (n — 2)-dim’l associahedron with top
dimensional cell e"~2
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Introduction

o Let K, denote Stasheff’'s (n — 2)-dim’l associahedron with top
dimensional cell e"~2

o Identify cellular chains C. (K,) with the Ay-operad A

@ An Ax-algebra is a graded module A together with a family of maps
{u, € Hom (A®", A)} ., and a chain map

¢ As — {Hom (A®”,A)}

n>1

such that ¢ ("72) =,
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o Let K, denote Stasheff’'s (n — 2)-dim’l associahedron with top
dimensional cell e"~2

o Identify cellular chains C. (K,) with the Ay-operad A

@ An Ax-algebra is a graded module A together with a family of maps
{u, € Hom (A®", A)} ., and a chain map

¢ Ax — {Hom (A®”,A)}

n>1

such that ¢ (e"72) =,

@ In this talk we construct a new family of polyhedra called matrahedra
and use them to define the free matrad Heo
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Introduction

o Let K, denote Stasheff’'s (n — 2)-dim’l associahedron with top
dimensional cell e"~2

o Identify cellular chains C. (K,) with the Ay-operad A

@ An Ax-algebra is a graded module A together with a family of maps
{u, € Hom (A®", A)} ., and a chain map

¢ Ax — {Hom (A®”,A)}n21
such that ¢ (e"72) =,

@ In this talk we construct a new family of polyhedra called matrahedra
and use them to define the free matrad Heo

@ An A-bialgebra is defined in the same way we defined an A-algebra
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e P, =convexhull{(¢(1),...,0(n)) e R" | o € S,}
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Permutahedra

e P, =convexhull{(¢(1),...,0(n)) e R" | o € S,}

@ Vertices vy, ..., vy in the hyperplane x; + - 4 x, = (3)
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Permutahedra

e P, =convexhull{(¢(1),...,0(n)) e R" | o € S,}

@ Vertices vy, ..., vy in the hyperplane x; + - 4 x, = (3)

@ P is a point x
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Permutahedra

e P, =convexhull{(¢(1),...,0(n)) e R" | o € S,}

@ Vertices vy, ..., vy in the hyperplane x; + - 4 x, = (3)
@ P; is a point *

@ P» is a closed interval /
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Permutahedra

e P, =convexhull{(¢(1),...,0(n)) e R" | o € S,}

@ Vertices vy, ..., vy in the hyperplane x; + - 4 x, = (3)
@ P; is a point *

@ P» is a closed interval /

@ P; is a plane hexagonal region
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Permutahedra

@ P, is a solid truncated octahedron
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Permutahedra

@ P, is a solid truncated octahedron

@ P, isan (n—1)-dim’l convex polyhedron
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Combinatorics of Permutahedra

Let n={1,2,...n}

o {Faces in codim p} < {Partitions Ui|- - - |Up41 of n}
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Combinatorics of Permutahedra

Let n={1,2,...n}
o {Faces in codim p} < {Partitions Ui|- - - |Up41 of n}

o {Vertices} < S, = {Permutations of n}

o P x— {1}
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Combinatorics of Permutahedra

Let n={1,2,...n}
o {Faces in codim p} < {Partitions Ui|- - - |Up41 of n}

o {Vertices} < S, = {Permutations of n}
o Pr: x« {1}

e P,: edge < {12}; vertices < {1]2,2|1}
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Combinatorics of Permutahedra

@ P3 as a subdivision of Py x [ :

3|12 3[12 321

13]2 23|1
132 ¢ 123 ¢ 231

123 2|13

1/2]3 12|3 2|1|3
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Combinatorics of Permutahedra

@ P, as a subdivision of P3 x [ :
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Combinatorics of Permutahedra

@ 2-faces of Py: d
4|123
24[13 34[12 1423
$ 1243 2341 134/2
[ ]
2|134 3|124 1/234
12(34 | 23|14 | 1324 | 1
1234
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The Poset of Vertices

@ A, and V, denote the corresponding sets of up-rooted and
down-rooted (binary) trees with n levels and n+ 1 leaves
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The Poset of Vertices

@ A, and V, denote the corresponding sets of up-rooted and
down-rooted (binary) trees with n levels and n+ 1 leaves

@ The partial order on S, is generated by

ai|---lap < ar|---|ajy1lai| - - - |an if @i < ajiq
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The Poset of Vertices

@ A, and V, denote the corresponding sets of up-rooted and
down-rooted (binary) trees with n levels and n+ 1 leaves

@ The partial order on S, is generated by
ar| -+ lap < ail---laivalail - - an if & < aja

@ Standard bijections transfer partial order to A, and V,
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The Poset of Vertices

An and V, denote the corresponding sets of up-rooted and
down-rooted (binary) trees with n levels and n+ 1 leaves

@ The partial order on S, is generated by

ar| -+ lap < ail---laivalail - - an if & < aja
@ Standard bijections transfer partial order to A, and V,
@ Set PPpo ="PPon= Sy then

P = P'Dn,O - ’P,Pno‘ - ’,P,POn| - PPO,n
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Tonks' Projection to Associahedra

@ A. Tonks' projection 0 : P, — K41 forgets levels
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Tonks' Projection to Associahedra

@ A. Tonks' projection 0 : P, — K41 forgets levels

@ Define a ~ b if &g (a) = 9 (b)
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Tonks' Projection to Associahedra

@ A. Tonks' projection 0 : P, — K41 forgets levels

@ Define a ~ b if &g (a) = 9y (b)

@ Stasheff's associahedron K41 = P,/ ~

S. Devadoss rendering of Ks
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Tonks' Projection to Associahedra

@ A. Tonks' projection 0 : P, — K41 forgets levels

@ Define a ~ b if &g (a) = 9y (b)

o Stasheff’s associahedron K11 = P,/ ~

S. Devadoss rendering of Ks

0 KKpi11 = |KKpt11| = |KK1ns1| = KK1n1 = Kna
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Matrahedra

e We construct the poset PP, , for each m,n > 1
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Matrahedra

e We construct the poset PP, , for each m,n > 1

® PPym = |PPnm|l =Z|PPmn| = PPmn
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e We construct the poset PP, , for each m,n > 1

() Panm = |7D7Jn’m| = |P’Pm'n| - PPm,n

° K:K:nJrl,erl — PPn,m/ ~
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e We construct the poset PP, , for each m,n > 1

() Panm = |7D7Jn’m| = |P’Pm'n| - PPm,n
o K:ICn+1,m+1 = PPn,m/ ~

@ Matrahedron

KKn+1,m+1 - ’K:Icn+1,m+1’ = "CKm+1,n+1| - KKm+1,n+1
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e We construct the poset PP, , for each m,n > 1

® PPpm = |PPnm| = |PPmn| = PPmn
o KKnt1mt1 = PPom/ ~
@ Matrahedron
KKni1,mi1 = [KKpr1,me1] = KK ms1,n41] = KKmt1,n41
® KKy m intherangel < m,n <4 and m+ n <6 is identical to the

polytope B/ constructed by Markl
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e We construct the poset PP, , for each m,n > 1

® PPpm = |PPnm| = |PPmn| = PPmn
o KKnt1mt1 = PPom/ ~
@ Matrahedron
KKni1,mi1 = [KKpr1,me1] = KK ms1,n41] = KKmt1,n41
® KKy m intherangel < m,n<4and m+4 n <6 is identical to the

polytope B} constructed by Markl

@ Markl's construction makes arbitrary choices; our construction uses
the S-U diagonal on associahedra to eliminate all such choices
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S-U Diagonal

@ We are interested in the product posets S, AX™ and V" with
lexicographic ordering
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S-U Diagonal

@ We are interested in the product posets S, AX™ and V" with
lexicographic ordering

@ Ap: C, (Pyn) — Ci (Pn) ® Cy (Py) denotes the S-U diagonal
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S-U Diagonal

@ We are interested in the product posets S, AX™ and V" with
lexicographic ordering

o Ap: G, (Pn) — Ci (Pn) ® C (Py) denotes the S-U diagonal

@ A, and Y denote the up-rooted and down-rooted n-leaf corolla
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S-U Diagonal

@ We are interested in the product posets S, AX™ and V" with
lexicographic ordering

o Ap: G, (Pn) — Ci (Pn) ® C (Py) denotes the S-U diagonal
@ A, and Y" denote the up-rooted and down-rooted n-leaf corolla

@ Ap(A)=A X Aand Ap(Y) =Y X Y (the index 2 is suppressed)
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Product Posets

o Define Al =1d and A = (Ap @ 1d* 1) AF™Y
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Product Posets

o Define Al =1d and A = (Ap @ 1d* 1) AF™Y

° ASD") (Ams1) C PX™ and Aggm) (ymth) c PX™tL as subcomplexes
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Product Posets

o Define Al =1d and A = (Ap @ 1d* 1) AF™Y

° AS;") (Ams1) C PX7HL and Ag") (Y1) € Pym*! as subcomplexes

e X1 and Y,"*1 denote their respective sets of vertices
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Product Posets

o Define Al =1d and A = (Ap @ 1d* 1) AF™Y

° AED") (Amt1) C P51 and Agn) (Y1) € Pym*! as subcomplexes
e X1 and Y,"*! denote their respective sets of vertices

e X1 x Y+l is 3 subposet of SX"*1 x §xm+1
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Product Posets

Define Al = 1d and A = (Ap 2 1d“% ) AYY

° AS;") (Ams1) C PX7HL and Ag") (Y1) € Pym*! as subcomplexes

X1 and Y,"*! denote their respective sets of vertices

X1 x ym+lis a subposet of St x §xm+l

X2, Y2 and X2 x Y2 = P[* are singleton sets
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Vertices as Matrix Products

@ Express x € A\ as an n x 1 column matrix of up-rooted trees
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Vertices as Matrix Products

@ Express x € A\ as an n x 1 column matrix of up-rooted trees

o/\lxz—Xlz—[i]
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Vertices as Matrix Products

@ Express x € A\ as an n x 1 column matrix of up-rooted trees

o/\lxszzz[i]

@ A leveled tree factors uniquely as the composition of its levels

A= AIA ]
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Vertices as Matrix Products

@ Express x € A\ as an n x 1 column matrix of up-rooted trees

o/\lxszlzz[i]

@ A leveled tree factors uniquely as the composition of its levels

A= AJLA 1]

@ Thus x € A" factors as a matrix product xj - - - X,

Al IAIA

A IALTA
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Vertices as Matrix Products

@ Express x € A\ as an n x 1 column matrix of up-rooted trees

o[}

A leveled tree factors uniquely as the composition of its levels

A= AIA I]

@ Thus x € A" factors as a matrix product x; -

A AAI
A IALTA

Rows of x; are the i/ levels of trees in x; each row of x; contains A
exactly once
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Vertices as Matrix Products

o Vertices of Ap(A3) C Py x P, (the square) lie in

=221 < (A ] )
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Vertices as Matrix Products

o Vertices of Ap(A3) C Py x P, (the square) lie in
a-{l] ][ <R

@ Dually, express y € V™ as a 1 X m row matrix of down-rooted trees
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Vertices as Matrix Products

o Vertices of Ap(A3) C Py x P, (the square) lie in
a-{l] ][ <R

@ Dually, express y € V™ as a 1 X m row matrix of down-rooted trees

@ Factor y' as a matrix product le ceylitheny =y, -
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Vertices as Matrix Products

o Vertices of Ap(A3) C Py x P, (the square) lie in
e  J[A][ A [ A rr ) [A][1
27 A Al A 1A A 1A
@ Dually, express y € V™ as a 1 X m row matrix of down-rooted trees

e Factor y” as a matrix product y;" -+ -y, theny =y, -y

e Columns of y; are the j® levels of trees in y; thus each column of y;
contains Y exactly once
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Vertices as Matrix Products

o Vertices of Ap(A3) C Py x P, (the square) lie in
a-{l] ][ <R

@ Dually, express y € V™ as a 1 X m row matrix of down-rooted trees
T ; T T. _
@ Factor y' as a matrix product y;' ---y, ;theny =y, ---»

o Columns of y; are the j® levels of trees in y; thus each column of y;
contains Y exactly once

@ Vertices of Ap(Y3) C P, x P; lie in

YQQ—HI\{}[YY}<[IYI][YY]<[i3(}[YY]}
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Vertices as Matrix Products

onxlez[i][YY]
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Vertices as Matrix Products

onxlez[i][YY]

o A (¥) =¥ x ¥ x Y implies Y3 = [¥ Y Y] thus

X22><Y13:{[i}{ii}[YYY]<[i}[fﬁ][YYY]

<[] e
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Some Algebra — Submodules of TTM

o Consider a bigraded module M = {Mq»}, -,
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Some Algebra — Submodules of TTM

o Consider a bigraded module M = {Mq»}, -,

o Main Example:

Let H be a free module of finite type and let

M = End (TH) = {My,, = Hom (H®P, H®9) }
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Some Algebra — Submodules of TTM

o Consider a bigraded module M = {Mq»}, -,
e Main Example:
Let H be a free module of finite type and let

M = End (TH) = {Mg,, = Hom (H*P, H*%) }

@ Think of aj € M, , as a multilinear operation H*P — H®9
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Some Algebra — Submodules of TTM

o Consider a bigraded module M = {Mq,}, -
e Main Example:
Let H be a free module of finite type and let
M = End (TH) = {Mq,, = Hom (H*?, H*%) }

@ Think of zxg € M, , as a multilinear operation H®P — H®4

@ Pictured as a non-planar upward-directed graph

€ M2’3
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The Matrix Submodule of TTM

@ The matrix submodule of TTM is

@ M®P
q=>1
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The Matrix Submodule of TTM

@ The matrix submodule of TTM is

@ M®P
q=>1

@ A pair of matrices X = (x;), Y = (y;;) € IN9*P uniquely determines
a submodule

MY,X: (MYH,XH - My le) PIRRE
® (M}/21YX21 K- My XQp) PRRE

® (M}/qlvqu ®---Q M}/qp,qu) C M

(Millersville University of Pennsylvania)
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The Matrix Submodule of TTM

@ The matrix submodule of TTM is

o A pair of matrices X = (x;), Y = (yjj) € N9*P uniquely determines
a submodule

MY,X = (MYILXH ®---Q M)’1p,X1p) &
® (MY21.X21 Q- ® M}’2p,X2p) -

& (Mququl - M}/qp,qu) - M

@ Each of the g rows is a submodule of M®P

July 9, 2008

Matrads, Matrahedra and Aco-Bialgebras

(Millersville University of Pennsylvania)



Matrix Monomials in TTM

@ G C M is a fixed set of bihomogeneous module generators
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Matrix Monomials in TTM

@ G C M is a fixed set of bihomogeneous module generators

@ A monomial in TM is an element A € G®P
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Matrix Monomials in TTM

@ G C M is a fixed set of bihomogeneous module generators

@ A monomial in TM is an element A € G®P

o A monomial in TTM is an element B € (G®P)*?
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Matrix Monomials in TTM

@ G C M is a fixed set of bihomogeneous module generators

@ A monomial in TM is an element A € G®P
o A monomial in TTM is an element B € (G®P)*?

@ B is represented by the g X p matrix

Y11 Yi.p
a1 0 Bxyp
[B]=| :
Yq.1 Ya.p
qu,l “ e qu,p

with entries in G and rows identified with elements of G®P
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The Matrix Submodule of TTM

@ The component

()" = @ My.x
X,YeINI*r
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The Matrix Submodule of TTM

@ The component

()" = @ My.x
X,YeINI*r

@ Thus
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Bisequence Submodule of TTM

@ x,y € IN9*P denote matrices with constant columns and constant
rows, respectively
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The Bisequence Submodule of TTM

@ x,y € IN9*P denote matrices with constant columns and constant
rows, respectively

@ The bisequence submodule of TTM is

M= P My

x,yEINI*P
p.q>1
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The Bisequence Submodule of TTM

@ x,y € IN9*P denote matrices with constant columns and constant
rows, respectively

@ The bisequence submodule of TTM is

M= EB My

x,yeINI*P
p.g>1

@ A monomial A € M is represented by a bisequence matrix

y1 i
IXXI PR [XX,,

A= :
Dcif - ,X)X’Z
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Bisequence Matrices

o We refer to A as a g X p monomial and denote MY = vy x

SN

AeM >

23 X
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Bisequence Matrices

o We refer to A as a g X p monomial and denote MY = My x

SN

AeM >

XX

@ A Transverse Pair (TP) of bisequence matrices has form
!

el B | emyam

Yq

Xp
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e A® B€ M®M is a Block Transverse Pair (BTP) if there exist
block decompositions A = [A;;] and B = [Bjj] such that A; ® Bjj is a
TP for each (i,J).
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e A® B€ M®M is a Block Transverse Pair (BTP) if there exist
block decompositions A = [A;;] and B = [Bjj] such that A; ® Bjj is a
TP for each (i,J).

1
5
4

3

o Apair AR B € M;l ®M123 is a BTP via

SIS
a a3
e

3 g3 a3
1 P2l iP3

Tl pliiol
1. P2 iP3

(Millersville University of Pennsylvania)
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e A® B€ M®M is a Block Transverse Pair (BTP) if there exist

block decompositions A = [A;;] and B = [Bjj] such that A; ® Bjj is a

TP for each (i,J).

S~ O =

3

o Apair AR B € le ®M123 is a BTP via

Aol B el
It

@ BTP decomposition is unique when it exists

(Millersville University of Pennsylvania)

Matrads, Matrahedra and Aco-Bialgebras
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Upsilon Products

o Givenamapy: TM® TM — M, extend the component

¥ = {7¥:M%®M,‘Z—>MM}

x|

to a global product Y : M® M — M by setting Y (A® B) =0
unless A® B is a BTP, in which case

Y (A®B); =7 (Aj © Bj)
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Upsilon Products

o Givenamapy: TM® TM — M, extend the component

¥ = {7¥:M%®M,‘Z—>MM}

x|

to a global product Y : M® M — M by setting Y (A® B) =0
unless A® B is a BTP, in which case

Y (A®B); =7 (Aj © Bj)

@ X1 Xpn € X™Land y,---y1 € Y/ are Y-products
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Upsilon Products

o Givenamapy: TM® TM — M, extend the component

¥ = {7¥:M%®M,‘Z—>MM}

x|

to a global product Y : M® M — M by setting Y (A® B) =0
unless A® B is a BTP, in which case

Y (A®B); =7 (Aj © Bj)

@ X1 Xm € X and y,---y; € Y™ are Y-products

@ There is unique Y-factorization in M

(Millersville University of Pennsylvania) Matrads, Matrahedra and Aco-Bialgebras July 9, 2008 24 / 48
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Matrix Edge Pairs

o Alntl)xm _— [ajj] is a matrix over {1, A} whose rows contain the
entry A exactly once
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Matrix Edge Pairs

o Alntl)xm _— [ajj] is a matrix over {1, A} whose rows contain the
entry A exactly once

o B"*(m+1) — [b;] is a matrix over {1, Y} whose columns contain the
entry Y exactly once
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Matrix Edge Pairs

o Alntl)xm _— [ajj] is a matrix over {1, A} whose rows contain the
entry A exactly once

o B"*(m+1) — [b;] is a matrix over {1, Y} whose columns contain the
entry Y exactly once

e ABis an (i,j)-edge pair if
-A®BisaBTP

-ajj =ai+1j = A and b,‘j = b,"j+1 =Y
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Matrix Edge Pairs

o Alntl)xm _— [ajj] is a matrix over {1, A} whose rows contain the
entry A exactly once

o B"*(m+1) — [b;] is a matrix over {1, Y} whose columns contain the
entry Y exactly once

e AB is an (i, j)-edge pair if
-A® Bisa BTP
-ajj = aji+1,j = A and b,‘j = b,"j+1 =Y

@ A, B, is the only possible edge pair in

Al ApB, - By € X1TL x ymHl
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Matrix Edge Pairs

@ The pair xp)» in

A Al
Yy 1
x1xoyoy1 = | A Al [ 11 }[YYY]
A Al

is a (1,1)-edge pair
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Matrix Edge Pairs

@ The pair xp)» in

A Al
x1xoyy1 = | A Al [YY 1}[YYY]
11y
A Al
is a (1,1)-edge pair
e But

A Al

A Al {I;i}WYﬂ

A Al

has no edge pairs
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Edges of a Poset

o A edge of a poset Q is a pair (u, v) such that u < v in Q and
u<x<vimpliesx=uvorx=v
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Edges of a Poset

o A edge of a poset Q is a pair (u, v) such that u < v in Q and
u<x<vimpliesx=uvorx=v

@ Edges of X ™! x Y/ *1 represent 1-dim'l elements of the “free
matrad” He generated by indecomposables {1,9%,9%9%,9%}
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Edges of a Poset

o A edge of a poset Q is a pair (u, v) such that u < v in Q and
u<x<vimpliesx=uvorx=v

o Edges of Xt x Y™+ represent 1-dim'l elements of the “free
matrad” He generated by indecomposables {1,9%,9%9%,9%}

@ 1-dim'l elements of H generated by indecomposables {1, 9%, 0?2, 9%}
are represented by edges of a poset Z, p, related to but disjoint from
Xn+1 % Ym+1

m n
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Matrix Transpositions

e A and B*/ denote the matrices obtained by deleting the i*" row of A
and the j column of B
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Matrix Transpositions

e A and B*/ denote the matrices obtained by deleting the i*" row of A
and the j column of B

@ The (i, j)-transposition of an (i, j)-edge pair AB is the pair B* A’*
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Matrix Transpositions

e A and B*/ denote the matrices obtained by deleting the i*" row of A
and the j column of B

e The (i, j)-transposition of an (i, j)-edge pair AB is the pair B* A’*
o Ifc=C - C and CCyyq is an (i, j)-edge pair,
ij( )=G-- Ck+1C G

denotes the (i, j)-transposition of ¢ in position k
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Matrix Transpositions

e A and B*/ denote the matrices obtained by deleting the i*" row of A
and the j column of B

e The (i, j)-transposition of an (i, j)-edge pair AB is the pair B* A’*
o Ifc=C -+ C and CCyyq is an (i, j)-edge pair,
%k()—cl Ck+1C G

denotes the (i, j)-transposition of ¢ in position k
e Iterate 7 on each u € X! x Y™*1 and obtain

Zom = { T - T (u) | wexpttx vt

ItJt 1
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o ,PPn’m - X,I777+l X Ynm+1 |_| Zn’m
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The Poset PP

o ,PPn’m - X,I777+l X Ynm+1 |_| Zn’m

e For c € PP, define ¢ < ’Z',-jk (c)
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The Poset PP

o ,PPn’m - X,I777+l X Ynm+1 |_| Zn’m

e For c € PPy, define ¢ < ’]7)-" (c)

@ The action of ’T’jt . ’Z',kj1 on u € X1 x Y™+l yniquely determines
an (m, n)-shuffle ; thus we denote

T (u) = T5 - T (u)

It]t I1J1
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The Poset PP

o ,Ppn’m - X,I777+l X Ynm+1 |_| Zn’m

e For c € PPy, define ¢ < ’]7)-" (c)

@ The action of Tkt . ’]7’31 on u € X1 x Ym+1 yniquely determines
an (m, n)- shuffle o; thus we denote

T (u) = T -+ T (u)

It]t InJ1

@ Define 74 = Id
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The Poset PP

o ,Ppn’m - X,I777+l X Ynm+1 |_| Zn’m

For c € PPy m define ¢ < ’]7-}‘ (c)

The action of T’jt . ’]7’31 on u € X1 x Ym+1 yniquely determines
an (m, n)-shuffle o; thus we denote

T (u) = T -+ T (u)

It]t InJ1

Define 714 = Id

If o # Id cannot be realized as a composition of (i, j)-transpositions
on u, then 7; (u) is undefined
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Sigma-Partitions

o Given uy < up € X2 x Y™t define 7, (u1) < 7y (up) if either
(u1, up) is an edge of X1 x Y™+ or uy is “o -compatible” with
uleta=ay| - - |am € Smand b=by|---|b, €S,
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Sigma-Partitions

o Given uy < up € X2 x Y™t define 7, (u1) < 7y (up) if either
(u1, up) is an edge of X1 x Y™+ or uy is “o -compatible” with
uleta=ay| - - |am € Smand b=by|---|b, €S,

@ The action of an (m, n)-shuffle ¢ on (a; b) produces contiguous
blocks m; C aandn; C b:

mlvnlrm2rn2v"'vnk71rmkv U(al):alv U(bn)#bn

o (a:b) = mip, Ny, My, N, ..., Mg, Nk, o(a1) = a1, 0(by) = b,
' Ny, Mg, Ny, My, ..., Nk, My, 0'(81)7531, U(bn)#bn

Ny, my, Ny, my,....my, N1, o(a1) # ai, o(by) = by
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Sigma-Partitions

o Given uy < up € X2 x Y™t define 7, (u1) < 7y (up) if either
(u1, up) is an edge of X1 x Y™+ or uy is “o -compatible” with

uleta=ay| - - |am € Smand b=by|---|b, €S,

@ The action of an (m, n)-shuffle ¢ on (a; b) produces contiguous
blocks m; C aandn; C b:

my,ng, Mo, N, ..., NK_1, My, 0'( 1)231, U(bn)#bn
o (a:b) = mi,Ng, Mo, Ny, ..., Mg, Ng, o(a1) = a1, o(by) = by
' Ny, Mg, N, My, ..., N, My, 0'( 1)#31, U'(bn)#bn
ny, My, N, My, ... Mg, Nk, 0'( 1)7’531, U(bn):bn.
@ The o-partition of (a; b) is the cell my|--- |my x ng|---|n; C
P x P, obtained by unshuffling and removing block delimiters from
m; and n;

(Millersville University of Pennsylvania)
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Sigma-Compatibility

o =A;-AnB,- B, up=A]--- A Bl B] € XI1 x ym+tl
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Sigma-Compatibility

o =A;-AnB,- B, up=A]--- A Bl B] € XI1 x ym+tl

o Compute the y-products A; 1 -+ A; , and Ai ;- -- A} of it rows

i,m
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Sigma-Compatibility

o =A;-AnB,- B, up=A]--- A Bl B] € XI1 x ym+tl

o Compute the y-products A; 1 -+ A, and Ai ;- -- A} of it" rows

I,

@ For each i/, obtain a pair of up-rooted trees and corresponding
partitions a; = i1 |- - - |im and a: = i{| - - |i], of m
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Sigma-Compatibility

o =A;-AnB,- B, up=A]--- A Bl B] € XI1 x ym+tl

o Compute the y-products A; 1 -+ A, and Ai ;- -- A} of it" rows

i,m

@ For each i, obtain a pair of up-rooted trees and corresponding
partitions a; = i1| - - |im and al = i{|---|i}, of m

@ Dually, compute the y-products B, ; - - - By j and B,’w- e B{J of jth
columns
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Sigma-Compatibility

o =A;-AnB,- B, up=A]--- A Bl B] € XI1 x ym+tl

4

-th
im of i*" rows

e Compute the y-products A1 ---Ajn and A;',l - A

For each /, obtain a pair of up-rooted trees and corresponding
partitions a; = i1| - - |im and al = i{|---|i}, of m

o Dually, compute the y-products B, ;- By and B ;- By ; of jth
columns

For each j, obtain a pair of down-rooted trees and corresponding
partitions b; = ji| - - |jn and b} = ji| - - |j; of n
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Sigma-Compatibility

o =A;-AnB,- B, up=A]--- A Bl B] € XI1 x ym+tl

4

-th
im of i*" rows

e Compute the y-products A1 ---Ajn and A;',l - A

@ For each i, obtain a pair of up-rooted trees and corresponding

partitions a; = i1| - - |im and al = i{|---|i}, of m
o Dually, compute the y-products B, ;- By and B ;- By ; of jth
columns

@ For each j, obtain a pair of down-rooted trees and corresponding
partitions b; = ji| -+ - |jn and b} = ji| -+ - |j, of n

® u is o-compatible with uy if for each (i, ), the o-partition of (aj; bj)
contains an oriented path of edges from a; x b; to a; x b;
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The Poset PP(1,2)

@ The action of 7 on

w= [ ][ hn Joooaa= [ X] [0 Joor

produces four elements of Z; 5 :

o | ] v (g g
s 2 ﬂ[w] 1 4] 22 (Y]] 1 4]
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The Poset PP(1,2)

@ The action of 7 on

w= [ ][ hn Joooaa= [ X] [0 Joor

produces four elements of Z; 5 :

o | ] v (g g
s 2 ﬂ[w] 1 4] 22 (Y]] 1 4]

@ There is no action of 7 on uy
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The Poset PP(1,2)

@ The action of 7 on

w= [ ][ hn Joooaa= [ X] [0 Joor

produces four elements of Z; 5 :

o | ] v (g g
s 2 ﬂ[w] 1 4] 22 (Y]] 1 4]

@ There is no action of 7 on uy

@ One checks that
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The Poset PP(1,2)

@ The action of 7 on

w= [ ][ hn Joooaa= [ X] [0 Joor

produces four elements of Z; 5 :

o | ] v (g g
s 2 ﬂ[w] 1 4] 22 (Y]] 1 4]

@ There is no action of 7 on uy

@ One checks that
- only u; is o1-compatible with u;
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The Poset PP(1,2)

@ The action of 7 on

w= [ ][ hn Joooaa= [ X] [0 Joor

produces four elements of Z; 5 :

o | ] v (g g
s 2 ﬂ[w] 1 4] 22 (Y]] 1 4]

@ There is no action of 7 on uy

@ One checks that
- only u; is o1-compatible with u;
- both wp and w3 are gp-compatible with u;
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The Poset PP(1,2)

@ The action of 7 on

w= [ ][ hn Joooaa= [ X] [0 Joor

produces four elements of Z; 5 :

o | ] v (g g
s 2 ﬂ[w] 1 4] 22 (Y]] 1 4]

@ There is no action of 7 on uy

@ One checks that

- only u; is o1-compatible with u;

- both wp and w3z are op-compatible with 1y
@ Thus vy < uz implies 7, (u1) < 7y, (u3)
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The Poset PP(1,2)

@ The action of 7 on

w= [ ][ hn Joooaa= [ X] [0 Joor

produces four elements of Z; 5 :

o | ] v (g g
s 2 ﬂ[w] 1 4] 22 (Y]] 1 4]

@ There is no action of 7 on uy

@ One checks that

- only u; is o1-compatible with u;

- both wp and w3z are op-compatible with 1y
e Thus vy < uz implies 7, (u1) < Ty, (u3)
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The Digraph of PP(1,2)

/e
D>
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Vertices in Associahedra

® Vi1 = 0 (Sm) is the set of vertices of K41

(Millersville University of Pennsylvania) Matrads, Matrahedra and Aco-Bialgebras July 9, 2008



Vertices in Associahedra

® Vi1 = 0 (Sm) is the set of vertices of K41

° V= [A] < [Y]
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Vertices in Associahedra

® Vi1 = 0 (Sm) is the set of vertices of K41
o Vi =[] =[]

oV3:{[)\HA]],[AH1)\}}<—>{[I}[Y]v[\lf][\(]}
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Vertices in Associahedra

® Vi1 = 0 (Sm) is the set of vertices of K41

o Vo =[A] & [Y]

o vi= (W st {7 v | 3 i)
o InVy:

WL = ALY
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Equivalence in Poset X

o For Ay -+ Ap, Ay -+ Al e X+l
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Equivalence in Poset X

o For Ay -+ Ap, Ay -+ Al e X+l

e Compute the y-products A; 1 - - - A; 1, and A?,l . -A;-’m of ith rows
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Equivalence in Poset X

o For Ay -+ Ap, Ay -+ Al e X+l

o Compute the y-products A; 1 -+ A, and Ai | --- A} of it" rows

@ For each /, obtain a pair of up-rooted trees a; and af of m
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Equivalence in Poset X

o For Ay -+ Ap, Ay -+ Al e X+l

Compute the y-products A; 1 -+ Aj , and Aj | --- A} of ith rows

For each /, obtain a pair of up-rooted trees a; and af- of m

@ Define A} -+ Al ~x A;---Ap if &l ~ a; for all i
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Equivalence in Poset Y

e Dually, for B,--- By, B---Bj € Yr+i
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Equivalence in Poset Y

e Dually, for B,--- By, B---Bj € Yr+i

n

e Compute the y-products B, ;- -- By j and b’ = B,’U- ce {,j of jth
columns
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Equivalence in Poset Y

e Dually, for B,--- By, B---Bj € Yr+i

o Compute the y-products B, --- By j and b’ = Brlv.j e B{’j of jth
columns

@ For each j, obtain a pair of down-rooted trees b; and bj’- of n

July 9, 2008 37/
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Equivalence in Poset Y

e Dually, for B,--- By, B---Bj € Yr+i

o Compute the y-products By, --- By and b’ = B} ;- - Bj ; of j*
columns

@ For each j, obtain a pair of down-rooted trees b; and bj’- of n

@ Define B)---Bj ~y B,---B; ifbj’-wbj for each j
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Equivalence in Poset PP

@ Forax b, cxde Xt x ymtl
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Equivalence in Poset PP

@ Forax b, cxde Xt x ymtl

@ Defineaxb~cxdifa~yx cand b~y d
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Equivalence in Poset PP

@ Forax b, cxde Xt x ymtl

@ Defineaxb~cxdifa~yx cand b~y d

@ For o-compatible u; < up € X1 x Y"1 define

To(ur) ~ Ty(wp) if up ~ w
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Equivalence in Poset PP

@ Forax b, cxde Xt x ymtl

@ Defineaxb~cxdifa~yx cand b~y d

@ For o-compatible u; < up € X1 x Y+ define
To(u) ~ To(wp) if iy ~ o

(] Then }C’Cn+1’m+1 — Ppnym/ ~
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Equivalence in Poset PP

@ Forax b, cxde Xt x ymtl

@ Defineaxb~cxdifa~yx cand b~y d

@ For o-compatible u; < up € X1 x Y+ define

To(u) ~ To(wp) if iy ~ o
@ Then IC}Cn+1’m+1 = 'P'P,,,m/ ~

@ 89 :PPpm — KKpt1,m+1 denotes the projection
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Equivalence in Poset PP

@ Forax b, cxde Xt x ymtl

@ Defineaxb~cxdifa~yx cand b~y d

@ For o-compatible u; < up € X1 x Y+ define

To(u) ~ To(wp) if iy ~ o
@ Then IC}Cn+1’m+1 = 'P'P,,,m/ ~

@ 00 :PPnm — KKyt1,m+1 denotes the projection

KKn+1,m+1 - ’ICICn+1,m+1 ’
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Equivalence in Poset PP

@ Forax b, cxde Xt x ymtl

@ Defineaxb~cxdifa~yx cand b~y d

@ For o-compatible u; < up € X1 x Y+ define

To(u) ~ To(wp) if iy ~ o
@ Then IC}Cn+1’m+1 = 'P'P,,,m/ ~

@ 00 :PPnm — KKyt1,m+1 denotes the projection

KKns1,m+1 = |[KKns1,m+1]

@ 90 : KKy+1,m+1 — PPy m is the induced projection
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Constructing Matrahedra

1. Construct PP, = |PPn.m| as a subdivision of Py, by
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Constructing Matrahedra

1. Construct PP, , = |PPnm| as a subdivision of Pp, by
a. Replacing the codim 1 cell m| (n+ m) C Ppyn with

‘X,'J,H X Yrﬁ"H‘ =AY (Jemi1) % B (Kns1)

(the (m, n)-subdivision of Pm.p)

1X2| = A% (14) 1X3] = A% (14)
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Constructing Matrahedra

1. Construct PP, , = |PPnm| as a subdivision of Pp, by
a. Replacing the codim 1 cell m| (n+ m) C Ppyn with

XE Y = A (i) x AL ()

(the (m, n)-subdivision of Ppp)

X3] = AR (k) X3| = AR (1a)

b. Using the action of 7, to propagate the (m, n)-subdivision and subdivide
remaining cells
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Constructing Matrahedra

2. Pom={A1---AnBn---B1 € PPpin | Ai has constant columns
and B; has constant rows}
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Constructing Matrahedra

2. Pom=A{A1---AnBn---B1 € PPpin | Ai has constant columns
and B; has constant rows}

a. Elements of Pj , index the vertices of Ppyip
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Constructing Matrahedra

2. Pom=A{A1---AnBn---B1 € PPpin | Ai has constant columns
and B; has constant rows}

a. Elements of Pj , index the vertices of Pty

b. Define a’ x b’ ~ a x b if either 8y (') = O¢ (a) or g (b') =Yg (b)
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Constructing Matrahedra

2. Pom=A{A1---AnBn---B1 € PPpin | Ai has constant columns
and B; has constant rows}
a. Elements of Pj , index the vertices of Pty

b. Define a’ x b’ ~ a x b if either g (a') = ¥ (a) or ¥g (b') = Y (b)

c. 9:Pnm — Pnm/ ~ is the projection
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Constructing Matrahedra

2. Pom=A{A1---AnBn---B1 € PPpin | Ai has constant columns
and B; has constant rows}

a. Elements of Pj , index the vertices of Pty
b. Define a’ x b’ ~ a x b if either g (a') = ¥ (a) or ¥g (b') = Y (b)

c. 9:Pnm — Pnm/ ~ is the projection

Q.

- |Pn,m| = Pm+n but |73,,'m/ ~| is a new polytope Kpi1 m+1
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Constructing Matrahedra

2. Pom=A{A1---AnBn---B1 € PPpin | Ai has constant columns
and B; has constant rows}

a. Elements of Pj , index the vertices of Pty
b. Define a’ x b’ ~ a x b if either g (a') = ¥ (a) or ¥g (b') = Y (b)

c. 9:Pnm — Pnm/ ~ is the projection

[=8

. |Pnm| = Pm+n but ]Pn,m/ ~| is a new polytope Kpi1,m+1

o

. U1 Pmyn — Kpi1,m+1 is the induced projection
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Constructing Matrahedra

3. Construct KK+1,m+1 as a subdivision of K, 41 m+1 that commutes the
diagram
PPn,m —_— Pm-‘rn

99 | K

KKntims1 — Kosi,m+1

(horizontal maps forget subdivision)
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Constructing Matrahedra

3. Construct KK+1,m+1 as a subdivision of K41 m+1 that commutes the
diagram
'D'Dn,m B Pm-‘rn

99 | K

KKn+1,m+1 B n+1,m+1

(horizontal maps forget subdivision)

4. Matrix products associated with boundary components of a single cell
e C KK uniquely determine the matrix product associated with e
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The Matrahedron KK(2,3)
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The Matrahedron KK(2,4)
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The 2-Faces of KK(2,4)

X
Al
X AA AL AA
ﬂ JUN XYY XYY X X \_(
W YYYY A
Ab | AA X
i A/}\ Jo YYYY Y'Y X ”A
IA' :\X;\( YYYYA)A /A\ AA lA/{\
IYYY /}\A
TXY |AAN YYvy YYx

(Millersville University of Pennsylvania) Matrads, Matrahedra and Aco-Bialgebras July 9, 2008 44 / 48



The Matrahedron KK(3,3)
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The Free Matrad

@ The free matrad H is the bigraded module generated by all matrix
products associated with cells of KK
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The Free Matrad

@ The free matrad H is the bigraded module generated by all matrix
products associated with cells of KK

° (Heo)yy = (1)
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The Free Matrad

@ The free matrad H is the bigraded module generated by all matrix
products associated with cells of KK

° (Heo)yy = (1)

n,m
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The Free Matrad

@ The free matrad H is the bigraded module generated by all matrix
products associated with cells of KK

° (Heo)yy = (1)

n,m

@ 0" is associated with the top dimensional cell e™""=3 of KK,
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The Free Matrad

@ The free matrad H is the bigraded module generated by all matrix
products associated with cells of KK

° (Heo)yy = (1)
b n,m
m
e 0" is associated with the top dimensional cell e™ "3 of KK,

@ The relations in He are encoded by the cellular boundary in KK
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A-infinity Bialgebras

@ An Ax-bialgebra is a bigraded module H together with a chain map

¢:Heo — {Hom (H®’", H®”)}

m,n>1

such that ¢ (07) = em™*"3
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A-infinity Bialgebras

@ An Ax-bialgebra is a bigraded module H together with a chain map

¢:Heo — {Hom (H®’", H®”)}

m,n>1

such that ¢ (07) = em™*"3

o Naturally occurring examples have been considered in joint work with
A. Berciano and M. Vejdemo-Johansson
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A-infinity Bialgebras

@ An Ax-bialgebra is a bigraded module H together with a chain map

¢:Heo — {Hom (H®’", H®”)}

m,n>1

such that ¢ (07) = em™*"3

@ Naturally occurring examples have been considered in joint work with
A. Berciano and M. Vejdemo-Johansson

@ Recently S. Saneblidze proved that if F is a field and X is a space,
H, (QX; F) admits a canonical Ae-bialgebra structure (the main
result in our forthcoming paper)
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Thank you!
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